Abstract. In this paper, some Hermite-Hadamard type inequalities are established for harmonically (α, m)-convex functions via fractional integrals and some Hermite-Hadamard type inequalities are obtained for these classes of functions.
introduction
Let f : I ⊂ R → R be a convex function defined on the interval I of real numbers and a, b ∈ I with a < b. The following inequality is well known in the literature as Hermite-Hadamard integral inequality for convex functions
Both inequalities hold in the reversed direction if f is concave. Note that, some of the classical inequalities for means can be obtained from appropriate particular selections of the mapping f . For some results which generalize, improve and extend the inequalities (1.1) we refer the reader to the recent paper [1] - [5] and references therein.
In [1] ,İşcan gave definition of harmonically convex functions and established some Hermite-Hadamard type inequalities for harmonically convex functions as follows: Definition 1. Let I ⊂ R\ {0} be a real interval. A function f : I → R is said to be harmonically convex, if f xy tx + (1 − t) y ≤ tf (y) + (1 − t) f (x) (1.2) for all x, y ∈ I and t ∈ [0, 1]. If the inequality in (1.2) is reversed, then f is said to be harmonically concave. where
where
In [8] , Mihaşen gave definition of (α, m)-convex functions as follows:
It can be easily that for (α, m) ∈ {(0, 0) , (α, 0) , (1, 0) , (1, m) , (1, 1) , (α, 1)} one obtains the following classes of functions: increasing, α-starshaped, starshaped, m-convex, convex, α-convex.
For recent results and generalizations concerning (α, m)-convex functions we refer the reader to paper [8] - [12] and references therein.
In [6] ,İşcan gave definition of harmonically (α, m)-convex functions as follows:
for all x, y ∈ (0, b * ] and t ∈ [0, 1]. If the inequality in (1.5) is reversed, then f is said to be harmonically (α, m)-concave.
Note that (α, m) ∈ {(1, m) , (1, 1) , (α, 1)} one obtains the following classes of functions: harmonically m-convex, harmonically convex, harmonically α-convex (or harmonically s-convex in the first sense, if we take s instead of α).
Remark 1. The identity (1.6) is equal the following one
Because of the wide application of Hermite-Hadamard type inequalities and fractional integrals, many researchers extend their studies to Hermite-Hadamard type inequalities involving fractional integrals. Recent results for this area, we refer the reader to paper [7] , [15] - [18] and references therein.
In this paper, we aimed to establish Hermite-Hadamard's inequalities for harmonically (α, m)-convex functions via fractional integrals. These results have some relations with [1] .
main results
From (1.7), using the property of the modulus, the power mean inequality and (2.2), we find
calculating following integrals, we have
Thus, if we use (2.4)-(2.6) in (2.3) we get the inequality of (2.1) and this completes the proof.
Corollary 1. In Theorem 5,
(a) If we take α = 1, m = 1 we have the following inequality for harmonically convex functions:
If we take α = 1 we have the following inequality for harmonically m-convex functions:
(c) If we take m = 1 we have the following inequality for harmonically α-convex functions:
When 0 < θ ≤ 1, using Lemma 1 we shall give another result for harmonically (α, m)-convex functions as follows:
where 0 < θ ≤ 1 and
, using the power mean inequality and (2.2), we find
calculating following integrals by Lemma 1, we have
and similarly we get
Thus, if we use (2.9)-(2.11) in (2.8) we get the inequality of (2.7) and this completes the proof.
Remark 2.
If we take θ = 1, α = 1, m = 1 in Theorem 6, then inequality (2.7) becomes inequality (1.3) of Theorem 2.
Corollary 2. In Theorem 6, (a) If we take α = 1, m = 1 we have the following inequality for harmonically convex functions:
(2.12)
, using the property of the modulus, the Hölder inequality and (2.2), we find
calculating K 1 and K 2 we have
(2.14)
Thus, if we use (2.14),(2.15) in (2.13) we get the inequality of (2.12) and this completes the proof.
Corollary 3. In Theorem 7,
, (c) If we take m = 1 we have the following inequality for harmonically α-convex functions:
Proof. Let A t = tb + (1 − t) a, B u = ua + (1 − u) b. From (1.7), using the Hölder inequality, Lemma 1, and (2.2), we find
Thus, if we use (2.18)-(2.20) in (2.17) we get the inequality of (2.16) and this completes the proof. 
If we take m = 1 we have the following inequality for harmonically α-convex functions:
b−a b+a
Proof. Let A t = tb + (1 − t) a. From (1.7), using the Hölder inequality, Lemma 1, and (2.2), we find
calculating following integrals, we have 
